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ON A THEORY OF THE 6-FUNCTION IN POSITIVE 
CHARACTERISTIC 

THOMAS BITOUN 


Abstract. We introduce a theory of the 6-function (or Bernstein-Sato polyno¬ 
mial) in positive characteristic. Let k be a field of characteristic p > 0 and let 
/ € k[x i,..., x n ] be a nonconstant polynomial. The 6-function of / is an ideal 
of a nonnoetherian commutative algebra of characteristic p , but it has “roots” in 
Z p . We prove the existence of the 6-function as well as the rationality of its roots. 
The framework of the theory is that of unit F-modules. There is a close con¬ 
nection with test ideals. In particular, we prove that the roots of the 6-function 
are the opposites of the F-jumping exponents of / which are in (0,1] fl Z( p ). 
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Introduction 

Let Q G C[xi,..., x n ] be a polynomial. The 6-function or Bernstein-Sato poly¬ 
nomial of Q ([2j, [II]) is of foundational importance in T?-module theory. It is 
related to ((-functions (0, USD. to the nearby and vanishing cycles of Q (a ci. 
ED, as well as to many invariants of its singularities, see [IS] for a survey. 

The goal of this note is to present a theory of the 6-f un ction in positive charac¬ 
teristic. 

Let us first recall the classical complex theory, see for example |9, Chapter 6]. 

The classical theory. Let Q G C[^i,..., x n ] be a nonconstant polynomial. We 
denote by T> the ring U&n of polynomial differential operators on A n and let T>[s] := 
C[s] R, where s is a central parameter. 

For U := {Q ^ 0} C A n , set T>u[s\Q s to be the following (left) module. 

It is the free C[ar,..., x n ][^][s]-module with generator Q s such that for a vector 
held v on U, 


l 
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V.Q S := sv(Q)-j-Q s . 

Definition. The V[s\-module V[s\Q s is the V[s\-submodule ofT>u[s\Q s generated 
by Q s . 

According to J. Bernstein and M. Sato, the 6-function or Bernstein-Sato poly¬ 
nomial of Q is the following complex polynomial in one variable. 

Definition. The b-function of Q is the monic generator bg^s) of the annihilator 
of the natural action of C[s] on the V[s\-module V[s\Q s /V[s\QQ s . 

Below, we will write V[s\Q s+1 instead of V[s]QQ s . 

Remark. The existence of a nonzero polynomial G C[s] annihilating T>[s\Q s /V[s\Q s+1 
is not trivial. It is a consequence of the holonomicity of the V-module V[s\Q s /V[s\Q s+1 , 
which is the basic result of the theory, see e.g. [9j Theorem 6.7.]. 

The 6-function satisfies the following rationality and negativity theorem, due to 
Kashiwara ([8]): 

Theorem. The roots of 6q(s) are negative rational numbers. 

These are the main theorems of the classical theory. 

In order to present our results, we would like to rephrase the definition of the 
6-function, after HU- 

For a commutative ring A and an element a G A, we denote by A a the localiza¬ 
tion of A obtained by inverting a. Let A = C[xi,..., x n ] in what follows. 

Let Bq ■= A[t\Q_ t /A[t]. It naturally is a left £>A«xAi-module, where t is a coor¬ 
dinate of the extra A 1 . We then have: 

Proposition. There is an injective a-linear morphism 7 : 

'Du[s\Q s —> Aq <8)^ Bq 


where 

T>u[s] A T > AQ [ t ] 

P(s) ^ P{—d t t). 

Moreover 7 induces an isomorphism 

V[s]Q s - M q := V[d t t\.[-^—^ C B q 
which maps V[s\Q s+1 isomorphically to tMg. 
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Thus 7 induces a 'D-module isomorphism: 

V[s]Q s /V[s}Q s+l -A M Q /tM Q , 

under which the action of s transports to that of —d t t. Hence we can reformulate 
the definition of the 6 -function as follows: 

Definition. The b-function of Q is the monic generator bQ of the annihilator of 
the natural action o/C[— dtt\ on the T>[dtt\-module Mq^Mq. 

Our definition of the b- f un ction in positive characteristic is analogous. 

Positive characteristic. Let ^ be a field of characteristic p > 0. Let / £ 
k[x i,..., x n ] =: R be a nonconstant polynomial. Then Bf := R{t]f- t /R[t\ is natu¬ 
rally a left D R [ f ]-module, where D R ^ is the Grothendieck ring of differential oper¬ 
ators on A" x A 1 . Recall that Ve > 0, D R m contains the differential operator d'f ^ , 
whose action on t 1 is d'f V = (pf)t l ~ pe ■ Let Mj := D n [—df h pB \e > 0].[j^] C Bf. 
We define 

Definition. (Definition^) The b-function of f is the ideal bf of k[—d\ p h pB \e > 0] 
annihilating Mf/tMf , for the natural action of k[—d j p h pB \e > 0] induced by that 
of D R [ t ] on B f . 

We note the following: 

Lemma. (RemarkUf) The maximal ideals of k[—d\ p h pB \e > 0] are in canonical 
bijection with the p-adic integers 7 L V . 

It is thus natural to make the subsequent definition. 

Definition. Let I be an ideal of k[—d\ p h pB \e > 0]. The roots of I are the p-adic 
integers corresponding to the jnaximal ideals of k[—dl P h pB \e > 0] containing I, by 
the lemma. 

We give two proofs of the existence of the 6 -function in positive characteristic. 
That is that the 6 -function has finitely many roots, see Corollaries [T] and [2j We 
also prove the following analogue of Kashiwara’s Theorem: 

Theorem. (Corollary []|) The roots of the b-function of f are negative rational 
numbers, > — 1. 

Remark. Note that the positive characteristic theory differs from its complex coun¬ 
terpart in that the roots of the b-function are always > — 1. 

The framework of our construction is the theory of unit A-modules QTDj) and 
the proofs are based on a relation to test ideals ([ 6 ]). In fact, our main result is a 
positive characteristic parallel to [If Theorem B]: 

Theorem. (Theorem^) 

The roots of the b-function of f are the opposites of the F-jumping exponents of 
f which are in ( 0 , 1 ] D 
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Contents. In the first section, after considering the algebra of higher Euler op¬ 
erators, which we call the algebra of binomial coefficients, we give the definition 
of the 6 -function and show that the D-module Mf/tMf underlies a finitely gener¬ 
ated unit E-module. This is achieved by approximating by the level of differential 
operators and using the relation of these approximations to test ideals. Key there 
is the discreetness of the set of E-jumping exponents. 

In the second section, we carry out a finer study of the relation to test ideals and 
prove the announced theorems. They ultimately rely on elementary properties of 
p-adic and i-adic expansions of rational numbers, which we gather in a preliminary 
subsection. 

We give some examples in the third section. 

Acknowledgements. This theory of the 6 -function in characteristic p sprang 
from my attempt to understand the work of Mircea Mustafa [32] . I thank him for 
suggesting the problem as well as answering many questions about test ideals. I 
would also like to thank Roman Bezrukavnikov and Pavel Etingof for interesting 
discussions. 


1. The construction 

1.1. The algebra of binomial coefficients. Let A: be a field of characteristic 
p > 0, and let D A i be the full ring of differential operators on the affine line over 
k, with coordinate t. After [12], we set the higher Euler operators to be the global 
differential operators G D A i, Ve G N : 


Definition 1. Let k be a field, of characteristic p. Then the algebra of binomial 
coefficients A;[( p s 0 ), ( S i), ( p2 ), • • •] is the sub-k-algebra of D A i generated by the higher 
Euler operators v e , e G N. In this algebra, Ve G N, we denote — u e by the binomial 
coefficient symbol Qf). 

Thus fc[( p0 ), ( p i), (p 2 ), ■ • • ] is the quotient of the polynomial ring in infinitely 
many variables k[x e ; e G N] by the relations, Ve G N, xfi — x e . 

The following remark is fundamental, and justifies the notation: 

Remark 1. The maximal ideals of ( p “j), ( p s 2 ), • • •] are canonically identified 

to the p-adic integers. 

Proof. Let tt : Z —> Z/pZ = F p be the quotient map and let s : ¥ p = Z/pZ —> Z 
be its usual section with image {0,1 ,... ,p — 1}. 

To a p-adic integer a, we associate a maximal ideal m Q of A;[( p s 0 ), (^j), ( p s 2 ), ■ ■ •]. 
Let a = OL e p e , Ve G N, a e G (0,1,..., p — 1}, be the p-adic expansion. Define 
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a surjective F p -algebra morphism, 



by m Q (( pe )) := 7 r (a e ). We set m a := ker m a . 

To a maximal ideal m of fc[( p0 ), ( pl ), ( p2 ), • • •], we associate a p-adic integer a m . 
Note first that if K is an overfield of k, a fc-algebra morphism 


m : k[ 





K 


is uniquely defined over F p . Namely if i : k —> K is the canonical inclusion, there 
is a unique F p -algebra morphism 


m : F p [ 





—)■ F^ 


such that m = i o (k < 8 )if p m). In particular, the image of m is k. Indeed, by the 
relations above, Ve G N, the image rn{ ( pfl )) satisfies = m(( pe )) and hence 

is in F p . Let 


m : k[ 





—>■ K := 





be the quotient map. Then K = k and we set a m := J^eeN s (m((p e )))p e ■ 

These maps are inverse to each other. 

□ 


Definition 2 . Let I be an ideal in fc[( p0 ) , ( pl ), ( p s 2 ), • • • ]. The roots of I are the 
p-adic integers corresponding by Remark [7j to the maximal ideals containing I. 

1.2. Definition of the 6-function. Let A; be a field of positive characteristic 
p > 0, X a smooth variety over k and / : X —> A 1 a nonconstant function on A". 

The 6 -function 6 / of / is an ideal in A;[( p0 ), (®), ( s 2 ), • • •]. In order to define it, 
we would like to introduce some notations. 

Suppose that X is affine and let 0(X) = R. Then 

B f := R[t\ f _ t /R[t\ 

is naturally a left D^xA'-module. Let 5 be the class of yW an d 

M f := D x [u e ] e G N]6. 

We obtain the corresponding notions for general X by gluing. One sees that tMf is 
a left sub-Dx [p e ; e G N]-module of Mf f [T2l lemma 6.4]) and thus that the quotient 

N f '■= 

is a left D x [v e ]e G N]-module and in particular a k[u e ]e G N]-module i.e. a 
^[(/o), (pi), (p 2 ), ■ ■ -1-module. We then set: 
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Definition 3. Let k be a field of positive characteristic p, X a smooth variety over 
k and f : X —y A 1 a nonconstant function on X. The b- function bf of f is the 
annihilator of N f in k [(° 0 ), (f) , (f ), ■ ■ • ]• 

1.3. On the Frobenius structure of Nf. Let us show that the Dx-module Nf 
is a unit F-module. In order to do so, we consider the ring of differential operators 
as the inductive limit of the rings of differential operators of bounded level, and 
similarly for the modules of the theory. 

Let l be a non negative integer and let D'^ c D x be the sheaf of rings of 
differential operators with divided powers of level at most p l+1 — 1. We set 

M ( f ■= D ( f[u e -e< l}5 C M f . 

One has that tMf C Mf m lemma 6.4]) and we denote the quotient by 

N ( f l) := Mf/tMf. 

It is a left Df[v e \e < /]-module. Note that, VZ G N, we have natural inclusions 
Mj 1 ' 1 C Mj +] \ inducing morphisms 

Nf -A- 7Vj m) . 

Note that Mf = and Nf = \m^ l>0 Nj \ where the limit is taken over the 

above morphisms. 

Let s be a global section of Ox- We denote by D x s the left D ^-submodule of 
Ox generated by s. 

By explicit computations, Mustafa observed the following: 

Proposition 1. Let l G N. Then there is a natural isomorphism of left Df)- 
modules, 

Mf = 0 Dff n . 

0 <n<p l+1 

It induces an isomorphism: 

N i l) = © Dfr/Dfr +i . 

C )<n<p l + 1 

Hence the higher Euler operators act on the right-hand side by transport of struc¬ 
ture. The actions are as follow: If the base p expansion of n is n = ]Co<e<z+i a eP e , 

then Ve < l + 1, v e acts on D x f n /D x f n+1 by —a e . 

Finally, the natural inclusions Mf C Mtransport to the injections: 

© © Df 1] r 

0 <n<p l + 1 0 <m<p l + 2 
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g^g-Y, 

o <j<p \ 3 / 

Proof. The first part of the statement is p Proposition 6.1.], the second is P 
Corollary 6.5.] and the last is Pi Remark 5.7.]. □ 

We would like to express the as Frobenius pullbacks of a coherent sheaf. 
This coherent sheaf is expressed in terms of the test ideals of /. 

Let A G M>o and let t(/ a ) C Ox be the test ideal of exponent A of /. The test 
ideals form a decreasing sequence of ideals C Ox- A F-jumping exponent of f is a 
positive real number A G R> 0 , such that, Ve > 0, r(f x ~ e ) ^ r(/ A ), see P2J Section 
3] for definitions. They satisfy the following finiteness theorem: 

Theorem 1. (^) The set of F-jumping exponents of f is 

(1) a discrete subset o/R 

(2) a subset of Q. 

For all / G N, recall that the Frobenius pullback ( F l+1 )*M of an Ox-module 
M is canonically endowed with a structure of left Lb^-module. Then one has a 
canonical isomorphism of left D -modules coming from an elementary equality of 
ideals (jp, Proof of Lemma 6.8.]): 

D d)f n c* (f* + 1 )*t(/^ t ). 

Thus, by Proposition [1] VI G N, 

J V™ es (F‘ +1 )- ( 0 r(/^)/r(/^)). 

0 <n<p l + 1 

For l large enough, this direct sum is concentrated at the F-jumping exponents 
of /. 

Indeed, for e > 0 very small, let 0L\e(o, 1 ]( r (/ A )) be the direct sum over the 
F-jumping exponents of / in (0,1] : 

O r Ae(o,i](^(/ A )) : = © r(f x ~ e )/T(f x ). 

Ae(o,i] 

The sum is finite since by (1) of Theorem [TJ there are only finitely many F-jumping 
exponents of / in (0,1]. 

One has, 

Proposition 2. Let l gN be large enough so that Vn, 0 < n < p l+1 , each interval 
^ttt] contains at most one F-jumping exponent of f. Then there is a canonical 

isomorphism of left Py -modules, 

N V) =* (C +1 )*(0t A£(Oil| (r(/ A ))). 


Proof. The proof is clear. 


□ 
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We can now prove the 

Theorem 2. Let k be afield of positive characteristic p, X a smooth variety over 
k and f : X —y A 1 a nonconstant function on X. Then the left Dx -module Nf is 
a finitely generated unit F-module. 

Proof. By Proposition [21 the left Fx-nrodule Nf is expressed as an inductive limit 
of Frobenius pullbacks of a coherent Cbr-module, 

N f = lmj Af> = l^(F' +1 )*( 0 r A£(Oil) (T(p))). 
l» 0 l» 0 

ffence it is a hnitely generated unit F-module. □ 

2. The relation to test ideals 

In order to understand the finer properties of the 6-function and its roots, we 
want to study further its relationship to test ideals. 

2.1. Preliminaries on p-adic and ^-adic expansions. We will express the p- 
adic expansion of the roots of the 6-f un ction of / in terms of the f-adic expansion 
of the F-j umping exponents of /. Let us first introduce some definitions. 

Definition 4. The ^-adic expansion of a positive real number r is its unique 
base p expansion which does not have infinitely many consecutive zero coefficients, 
r = E-b<n r n(J) n - 

Let us focus our attention on properties of the ^-adic expansion of rational 
numbers in (0,1]. We say that the —adic expansion of a number r is periodic if 
3/ > 0, 3d > 1 and {6i,..., bi, a\,... , a d } C {0,... ,p — 1} such that 

_ &i bidi ad op ad ai 

r — + ' ' ' + ~1 + pi + i + ■ ■ ■ + pi + d + l+d+l + ' ' ' + pl+-2d pl+2d+l ' • • • 

If / = 0, this means that the ^-adic expansion is of the form: 

_ a i a d a i a d a 1 

r ~ p ‘ ’ ‘ pd pd+1 + ' ' ' + p2d p2d+l ' ' ' ' 

It is then called strictly periodic. The minima for l and d are called the length of 
the preperiod of r and the length of the period of r, respectively. 

In the following lemma, we characterize the periodicity properties of ~adic 
expansions. 

Lemma 1. (1) The adic expansion of a positive real number r is periodic if 

and only if r is rational. 

(2) The --adic expansion of a rational number r e (0,1] is strictly periodic if 
and only if r e Z( p ). 

Proof. The proof is straightforward and left to the reader. □ 
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To each rational number r £ (0,1] fl Z( p ) correspond finitely many conjugated 
rational numbers £ Z( p ) : 

Definition 5. Let r be a positive rational number. By LemmaUi its adic ex¬ 
pansion is periodic. Let Gqa 2 • • • be its period. The conjugates of r are the 
d positive rational numbers whose i -adic expansion is obtained by replacing the 
period by its cyclic permutations {aia 2 • • • ad, a^aia^ • • • ,... ,a 2 - ■ ■ a^ai}. 

Let us now point out another property of strictly periodic A-adic expansions. 


Lemma 2. Let s be a sequence s : N 0 — > {0,... ,p — 1}, and let A C (0,1] D Q be 
a finite set. Suppose that WN » 0, 3A £ A such that the ~adic expansion of X 
starts by 


X 


S (N) s(N — f) a(l) 

P P Z p iV 


Then 3L > 0 such that Vn > L, 3/j, £ A fl Z( p ) such that 


s(n ) sin — 1 ) 
h=—+ „ + 


+ 


V 


p* 


£( 1 ) 

p n 


Proof. Let us, VZ > 1, denote by si the number si := ^ + ^ 2 ^ +-b and 

let us say that the --adic expansion of a number r starts by si , if 


r = 


s(l) s(l — 1) s(l) 

— + v „ ’ + --- + -V- + 


P 


p* 


pi 


By the finiteness of A, 3A £ A such that A starts by si, for arbitrary large l. 
Also, 3L > 0 such that, V/ > L, if a £ A starts with si, then it is of this type. Let 
us show that the —adic expansion of such a A is strictly periodic. 

By Lemma [Hi, the ^-adic expansion of A is periodic. Let l be the length of the 
preperiod of A. Choose n > l and N > n +1 such that A starts by s n and sn. That 
is, 


A 

s(n) 

p 


h bi 

= - + --- + 4 + 


a 1 


P 


pi p 


|/ + 1 


+ 


s(n — l + 1 ) 

3- 7 -b 

pL 


■ + ••• + 

s(n — l ) 

p i +i 


(^d, Ql 

pl~\~d rpi-\-d-\-\ 

s(l) a* 

+ • • • H- 1 -—T 

pn pn+1 


+ ... 


»W ^(N-l + l) 

P P l 


s(N — l) s(n) s(n — l + 1) s(l) a*/ 

pl+l ^ T pJV-n+l T ^ pN-n+l ^ p N pN+l 


Thus, by the uniqueness of the ^-adic expansion of A, the second equality implies 
that ( 61 ,... ,bi) = (s(n ),..., s(n — l +1)). This combines with the third equality to 
imply that (Zq, ...,&;) is a subsegment of (ai, 02 ,..., a<j, oi, ■ ■ ■ )■ Thus the —adic 
expansion of A is strictly periodic. 
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Since the A-adic expansion of A is strictly periodic, each of the p G AflQ starting 
by s n for arbitrary large n is a ^-conjugate of A. Thus /j has a strictly periodic 
A-adic expansion and hence /i G Afl This concludes the proof of the lemma. 

□ 

We then relate A-adic and p-aclic expansions of opposite rational numbers. 

Lemma 3. Let r be a rational number, r G (0,1] fl Z( p ), and let r = Yhi<n r n(\) n 
be its ^-adic expansion. By Lemma 0 it is strictly periodic. Let d be the length of 
its period. The p-adic expansion of —r is 

1 ^ ^ I'd— (n mod d)P 

1 <n 

Proof. The proof is straightforward and left to the reader. □ 


2.2. More on the unit F-structure of Nf. We would like to understand better 
the unit F-structure of Nf and show that the higher Euler operators are compatible 
with its Frobenius endomorphism. To do so, we study the isomorphism 

Nf = IS? P" “ li!^(f‘ +1 ) , (0t Ae(Oil| (r(/ A ))) 

l» 0 l» 0 


from the proof of Theorem [2j 
We first refine Proposition [2j 


Proposition 3. Let l <E N be large enough so that Vn, 0 < n < p l+1 , each interval 
(prr, prr] con ^ a * ns a t most one F-jumping exponent of f and let X be a F-jumping 
exponent of f in (0,1]. Then the composition of the isomorphisms of Propositions 

U\ and \% I 

© D®/"/D ®/" +1 - Nf = (T +1 )*(0t A£(Oil| (r(p))) 

0 <n<p l + 1 


induces an isomorphism 

D ( $r/D%r +1 = (F i+1 )*r(/ A - e )/r(/ A ), 

for the unique m such that is the truncated A -adic expansion of X. 

Proof. It is clear that A G (— r^r, t+t] if and only if the A-adic expansion of A starts 

by ” □ 


Let us now study the structure maps of the inductive system 

Nf = !^(F'+ 1 )*( S t i£( o, 1] (r(/ J ))). 
l» 0 
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Proposition 4. Let d be the 1cm of the lengths of the periods of the A- adic expan¬ 
sions of the F-jumping exponents of f in (0,1] D Z( p ). Then 3e > 0, a multiple of 
d, such that V/ G N as in Proposition O and VA F-jumping exponent of f in (0,1], 
the e-th iterate of the structure maps: 

(F‘ + 'y(et Ae( „, 1 ] (T(/ x ))) (P +e+ 1 )*(BtA e( „, 1 | (T(/ A ))) 

induces a morphism: 

(F ,+1 )*(t(/ a -«)/t(/ a )) -► (F ,+ ' +1 )*(t(/ a -)/t(/ a )). 

Moreover, this morphism vanishes if A 0 Z( p ). 

Proof. By Proposition [3] and the description of the structure maps in Proposition 
[H Vi > 0, the i-th iterate of the structure maps sends 

(f ,+i )*(t(/ a -')/t(/ a )) -> 0 D i p‘ ) r/D i p i> r+ i , 

0<n<p*+ i + 1 and n=m mod p l+1 

for the unique m such that is the truncated ^-adic expansion of A. 

By Proposition [T] and Lemma [21 the finiteness of the number of F-jumping 
exponents of / implies that, 3N > 0 independent of /, such that, VA a F-jumping 
exponent of / in (0,1] but not in Z( p ), the above map for i > N vanishes. Indeed, 
there is no n as above such that pl + i+1 is the truncation of the ^-adic expansion of 
a F-jumping exponent of /. 

Suppose that A G Z( p ). Then it is straightforward to see that for i a positive 
multiple of d, 

3\n, 0 < n < p + * +1 and n — m mod p l+1 

such that p i+ i+1 is the truncation of the ^-adic expansion of a F-jumping exponent 
of / in (0,1] D Z( p ). Furthermore, that F-jumping exponent is A. 

Thus if e’ > N is a multiple of d, then e — e' + d fulfills the proposition. 

□ 

We can now prove the 

Theorem 3. There is an integer e > 0 such that, VZ G N as in Proposition O the 
natural injection 

0 v Ae(o,i]nz (p) ( r (/ A )) ->• 0 ^a G (o,i](^(/ A )) 

induces an isomorphism of unit F e -modules: 

lh5(F ,+1+ «)*( 0 rx e< c, 1 ] n z p M/ A )))^lj^(F' +1+eA )*(!!t J€(0 , 1 ] (r(/ A )))“JV / , 

3> 0 j >0 

where the structure maps of the inductive systems are those of Proposition^ More¬ 
over, the unit F e -module Nf splits as a direct sum 

n,= 0 m A , 

Ae(o,i]nz (p) 
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where the A are the F-jumping exponents of f in (0,1] D Z( p ), 

(N f )a := lim(F z+1+e - 7 )*(r(/ A_e )/T(/ A )) 

j> o 

and each of the summands is nontrivial, 

(Njh + 0. 

Proof. The only fact that is not a straightforward consequence of Proposition |4] is 
the nontriviality of the summands, (Nf)\ 0. 

However, {Nf)\ = 0 implies that the image under the structure map of f m G 

Dx f m in F y ^ f m ' / Dx +l( '\f m ' +l is zero, for some j > 0, and m and m! as in 
Proposition El But by the description of the structure maps in Proposition [1] as 
used in the proof of Proposition [4], the image of f m is a nonzero multiple of f m . 
Thus its vanishing implies that of the quotient 

0 = £)pF)fm'/D^+F)fm'+l ^ ( F l+je+ly( T (fjrk+T )/ r (J p Wi )) 

and hence that of 

m! m! 1 

r(fp l+je+1 ) /r(fp l+je+1 ) = 0 . 

Which, by the definition of m! , is absurd since A is a F-jurnping exponent of /. 

□ 


Remark 2. The decomposition of Nf as a direct sum Nf = 0 Ae ( O1 ] n z ( } (-^/)a 
is canonical. However, the assignment of a F-jumping exponent to each of the 
summands is not. Indeed, different choices of l in Theorem 0 exchange the ( Nf)\’s, 
for i -conjugated A ’s. This only depends on l mod e. 

The compatibility of the higher Euler operators and the Frobenius endomor¬ 
phism of Nf is another corollary of Proposition [4j Indeed, we have the 


Theorem 4. There is an integer e > 0 such that the higher Euler operators act 
as endomorphisms of the unit F e -module Nf. 


Proof. We take the same e > 0 as in Theorem El By this very Theorem El it is 
enough to show the result for each of the ( Nf )\, say for l + 1 a positive multiple 
of the 1cm of the lengths of the periods of the ^-adic expansions of the F-jurnping 
exponents of / in (0,1] fl Z( p ). However by Propositions Q] and El since A has a 
strictly periodic ~adic expansion, 


A 


CL 1 CL/j CL i 

-h • • • H -7 H -TTT 

p p a ' ^ 


CLrf Cli 

1 1 p2d 1 p2d+l 1 ' ' ' ’ 


Vi e N, the action of za on (Nf)\ is by — Od-p mod d)- Thus ( Nf)\ is a common 
eigenspace of the higher Euler operators. This proves the theorem. 

□ 
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Corollary 1. Let k be a perfect field of positive characteristic p, X a smooth 
variety over k and f : X —> A 1 a nonconstant function on X. Then the b-function 
of f has finitely many roots. 

Proof. We show that there are only finitely many maximal ideals of fc[( p s 0 ), ( p S i), ( p s 2 ), - ■ • ] 
containing the ideal bf C /c[( p s 0 ), (pi), ( p s 2 ) By the proof of RemarkQ], the max¬ 
imal ideals of fc[( p0 ), ( p S i), Q 2 ), • • • ] are defined over F p . Thus it is enough to show 
that there are only finitely many maximal ideals of F p [ ( s 0 ), ( ,s ,), ( s 2 ), • • • ] contain¬ 
ing bf nFp[Q 0 ), ( pl ), Q 2 ), - ■ • ]. The latter is the annihilator of N f in F p [( p0 ), (J), ( p s 2 ), • ■ • ]. 

By the Riemann-Hilbert correspondence for unit F -modules (|5j), the unit F e - 
module Nf corresponds to an object in the constructive derived category of etale 
Fp-sheaves on A". Since by Theorem[4l the algebra F p [( p s 0 ), ( pl ), ( p s 2 ), • • • ] acts on Nf 
by endomorphisms of unit F e -module, it is transported by the Riemann-Hilbert 
correspondence to act on an object in the constructible derived category of etale 
Fp-sheaves on X. The algebra of global endomorphims of those being finite dimen¬ 
sional over F p , the algebra F p [( p s 0 ), ( pl ), ( p s 2 ), •••]/&/ is finite dimensional over F p . 

It has thus finitely many maximal ideals, which proves the corollary. 

□ 


2.3. The roots of the 6-function and F-jumping exponents. Here we de¬ 
scribe the roots of the b- f un ction of / in terms of its F-jumping exponents. 


Theorem 5. Let k be a field of positive characteristic p, X a smooth variety over 
k and f : X —» A 1 a nonconstant function on X. The roots of the b-function of f 
are the opposites of the F-jumping exponents of f which are in (0,1] D Z( p ). 

Proof. By Theorem |3j 


bf : = 


ann *[(MM£y-]( N ri = nA e(°T]nz (l) )a7rn fc[ ( ;o ) i ( ;i ) i ( ;2 ) ! ...](iV / ) A , 


where the A are the F-jumping exponents of / in (0,1] D Z( p ). 

For Z + l in Theorem [3] a positive multiple of the 1cm of the lengths of the periods 
of the f-adic expansions of the F-jumping exponents of / in (0,1] DZ(p), the action 
of the higher Euler operators on the (iVj-)^’s is computed in the proof of Theorem 


[J Indeed, if A has strictly periodic A-adic expansion 


A — — + 
V 


flw Cl 1 

+ — -I-i- 

,pd ,pd-\-l 


di 


GU 

+- 1 -- + 

1 p2d 1 p2d+l 


+ • • • , 


then, Vi G N, the action of v t on (Nf)\ is the multiplication by — mo dd)- Thus 
the action of ( pi ) is the multiplication by mo d d) and ann^t s \ ^ n ^ s \ ...](-/V/)a 
is the maximal ideal 




O'd—(i mod d) 


i G N 
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It corresponds by Remark [Q to the p-adic integer 

A/ ^ (i mod d)P • 
i> 0 

Hence, by Lemma [3J, A i is the opposite of a ^-conjugate of A. Tims by Remark 

[2j A i is the opposite of a F-jurnping exponent of / in (0,1] D Z( p ), and all their 
opposites are obtained this way. This concludes the proof of the theorem. 

□ 

Remark 3. Since there are only finitely many F-jumping exponents of f in (0,1] 
by Theorem 0 this reproves Corollary [7J 

The following is a direct consequence of Theorem [5j 

Corollary 2. The roots of the b-function are negative rational numbers, > —1. 


3. Examples 

We now use Theorem 0 to compute some examples of the set of roots of the 
b- function. 


Example 1. Let f = x G F p [x]. Then the set of roots of the b-function of f is 
{ —1}. Note that the Bernstein-Sato polynomial of x G C[t] is (s + 1). 

Example 2. Let f = x\ + • • • + x 2 n G F p [x 1; ... ,x n ], where n > 2 and p > 2. 
Then the only F-jumping exponent of f in (0,1] is 1 f |T21 Example 6.16.]J. Thus 
by Theorem El the roots of the b-function of f are {—1}. Note that the Bernstein- 
Sato polynomial of x\ + • • • + x\ G C[xi,..., x n ] is (s + f )(s + 1) (^[9| Example 
6.2.]/ 


Example 3. Monomial. 

Letn > 1. AndVj, 1 < j < n, let ctj be an integer, aj > 1. Then it is well-known 
that the F-jumping exponents of f = x ... xjfi G F p [xi, ..., x n ] in (0,1] are 


U 

l<j<n 


an 


|1 < l < OLj 


Thus by Theorem 0 the set of roots of the b-function of f = xf 1 ... xf n G F p [xi,..., x, 
is 

| — Z( p ). 

l<j‘<n ^ 

By [9: Lemma 6.10.], the Bernstein-Sato polynomial ofxf 1 ... xfj 1 G C[ti, ..., x n ] 
is (s + A-). 
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Example 4. The cusp. 

Let f p = x 2 + y 3 E F p [x,y\, with p > 3. By [121 Example 6.14.], the F-jumping 
exponents of f p in (0,1] are: 

{§, 1} if P = 1 (mod 3) 

6 

and 

“ F - ’ 1 } = 2 ( mod 3 )- 

6 bp 

Hence by Theorem 0 the roots ofbf p are: 


1, — > if P — 1 m od 3 
6 . 


— 1 \ if p = 2 mod 3. 


and 


Note that by P, Example 6.19], the Bernstein-Sato polynomial of f = x 2 + y 3 e 
C [x,y] is 

6/ = 0+ |)(s+ l)(s + |). 
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